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On the Functions Defined by Differential Equations, with 
an Extension of the Puiseux Polygon Construction 

to these Equations. 

By Henry B. Fine. 



In their memoir Propri&bs des functions dSfinies par des Equations differ- 
entielles (Journal de l'Bcole Pol. Oah. 36) Briot and Bouquet present methods 
for obtaining developments for all ordinary solutions of a differential equation 
of the first order f(x, y, p) = which belong to the initial values x = y=Q 
of the variables, when it is known that^p as well as y vanishes with x. 

But as a general equation f(x, y, p) = which has no term independent of 
x, y, or p may very well have groups of terms of lower degree in respect to x 
than the remaining terms of the equation, for which p does not vanish with x, 
but remains finite and different from zero, or becomes infinite — and yet the cor- 
responding y does vanish and is a solution of the equation, — it often becomes 
necessary at the very outset, and directly from the differential equation itself, to 
make a determination of all the possible groups of terms of lowest dimension, and 
this Briot and Bouquet give no means of doing. 

In the first section of the present paper it is shown how this determination 
may be very simply accomplished by an extension of the polygon construction 
used by Puiseux in his study of algebraic functions.* This done, the reduction 
of the cases where p does not vanish with x to the case so fully discussed by 
Briot and Bouquet is easy. 

In the second section, after extending the polygon construction to the 
equation of the n til order, and so determining for it also the terms of lowest 
dimension when the equation contains no term independent of x, y, or one of the 
differential coefficients y l , y % , . . . y n , — I give methods for obtaining the corres- 
ponding developments themselves. It is proven also that these developments are 

•Journal de Math, pure et appliquees, 1, 15. 

42 



318 Fine : On the Functions Defined by Differential Equations, with an 

actual as well as formal solutions of the equation, for it is shown that they 
converge for values of x which are greater than zero. 

The method, of course, leads not only to all "monodrome" integrals which 
vanish with x, but to those also which belong to any initial values x°, y°, y\, . . y° n _i 
of the variables and the differential coefficients of lower orders, since the equation 
may in this case be readily transformed into one which has no absolute term. 

§1- 
Let f(x,y,p) = 'SA t x ai y $ 'p yi = 

be any equation of the first order which has no term independent of x, y, or p. 

It is proposed to make every determination of the terms of lowest degree 
in XA t x ai y Pi p y ' = which is possible on the assumption that y vanishes with x. 

In every case represent by ft the degree of y in respect to x ; by the hypoth- 
esis that y vanishes with x, (i > . 

Let A 1 x a 'y^ 1 p yi be one of the required terms of lowest degree ; there must be 
at least one other term, say A z x a2 y h p y % of the same degree, and a comparison of 
the two gives for the corresponding (i the equation 

«i + ffii + 0* — i) n = a a + (iPt + Q1—1) y%, 
, _ «i— n— («2— n) 

whence u = — - s — -73— - — - . 

Take two rectangular axes q, %, and construct a point £ t = a t — y< , 
tj t =z Pi + yt to correspond to each term A&frybp**. Then the line joining g^ 
and ^ 2 >7 2 , viz. the line whose equation is 

makes with the >y-axis an angle of which the tangent is — [i , and cuts off on the 
£-axis an intercept 

£1 + P?i = <*i — 7i + P (ft + yi) 1 

which is equal to the common degree of the two terms A 1 x" 1 y Pl p yi , A z x a2 y h p y K 
Since p > the line makes an oblique angle with the 37-axis. 
Furthermore, a parallel to this line through any of the other points £ f , yj t cuts 
off on the £-axis an intercept a t — y t + n((3 t + y t ), equal to the degree of the 
corresponding term. If, therefore, A 1 x ai y Pl p' )U , A z x a 'y^p y ^ be, as was supposed, 
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terms of lowest degree, all the other points must lie to the same side of the line 
£i»?i — &»72 as the origin when its intercept is negative, to the opposite side when 
its intercept is positive. 

Hence to get every admissible group of lowest terms in the equation 
^A^'y^p* = — that is, every group of terms for which the corresponding fi is 
positive and such as to make the terms of the group of lower degree than the 
remaining terms of the equation — move up a parallel to the »7-axis from a position 
below any of the ^ { points until it meets one of these points or a, group of them ; 
next turn it (clockwise, since p > 0) about the point of this group which is 
nearest the £-axis until it meets a second point or group of points ; again turn it 
about the point of this second group which is nearest the £-axis, and so on until 
further turning would bring it past the position of parallelism with the £-axis. 

To each side of the polygon thus constructed — except that parallel to the 
57-axis, should it occur — correspond one or more developments of y in increasing 
powers of x, each beginning with the term af and — save in exceptional cases — 
satisfying the equation /(x, y,p) = 0. 

A side parallel to the >7-axis is to be rejected, since for it [i =z , or the 
corresponding y does not vanish with x . 

The construction can make a parallel to the £-axis a polygon side only in 
case there be no mere x term in the equation — when y = is a solution. Not 
all equations, however, of which y = is a solution have this line for a polygon 
side ; the equation^ -{- py + y s = does not, for instance. 

The developments corresponding to any polygon side for which (i > 1 can 
be obtained immediately by the Briot-Bouquet methods already referred to, 
since here p as well as y vanishes with x. 

Those corresponding to a side for which (i<il are to be obtained by the 
same methods after an interchange has been made of the dependent and inde- 
pendent variables. 

If for any side [i = 1 , make in f(x, y , p) = the substitutions 

, dv 
y = vx,p = v-\- — x, 

where v takes a finite value v different from zero when x = 0. 

The values of v belonging to the various developments are given by the group 
of terms of lowest order in f(x, y, p) = 0, to which the side n = 1 belongs, and 
by the substitution y = (v -\-y')x,f= is again reduced to the Briot-Bouquet 
form. 
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The various developments in all these cases may also be obtained by making 

in /= the substitutions x = t* , y = t r v, p = — ( rv + t-jf), — where — = (i , — 

and determining the corresponding w's from the transformed equation. But this 
method is less direct and elegant than that of Briot-Bouquet. 

§2. 

It is obvious that the polygon construction is equally applicable to equations 
of higher orders. 

The equation being Sx^y^yl* ....«/£= 0, supposed to have no term inde- 
pendent of x, y, .... or y„, take as before axes of £ and ri, and following the 
method already explained for the equation of the first order, construct points 

& = a t — y t — 2Si . . . . — nv t , yii = (3i + 7i + <> + • • • • v t 

to correspond to the various terms A t x ai y h .... y% of the equation. The poly- 
gon may then be constructed exactly as for the equation of the first order, and 
similar inferences drawn with reference to the terms of lowest order in the 
equation. 

In the case of the equation of the n th order it is necessary, when deriving 
the developments corresponding to the various polygon sides, to distinguish 
between sides whose (i is >» and those whose ^ is = or <Cw. For the first y n 
as well as y and all its lower differential coefficients vanish with x; for the second, 
y n takes a finite value different from zero or becomes infinite when x vanishes. 

It is always possible, however, by a simple transformation, to reduce the 

second case to the first. For if ft = n , set 

dv 
y = vx n , y x = nvx n ~ x + x n -r- , etc. 

in the group of lowest terms under consideration, remove the common factor x n 
and set the group equal to zero. The roots v of the equation thus constructed are 
the initial values of v in the set of developments sought for ; and the substitu- 
tion y = of (v + y') — where y' vanishes with x — effects the required transfor- 
mation. 

If, on the other hand, /i<C.n for any side or series of sides, select the side 
whose [i is least, find m , the first integer greater than the quotient of n by this 
[i, and make the substitution jc = x lm . Then for all the groups of lowest terms 
in the transformed equation [i', the degree of y in respect to x 1 , is greater than n. 
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It only remains therefore to indicate a general method for getting the 
various developments corresponding to a polygon side for which fi'p-n. 

This done, it may bemadded, we are in position to derive all solutions of the 
equation /=/ < + /i^" x +....+/.= 

which belong to any given initial values x , y , . . . . y\_ x of*, y and the lower 
differential coefficients of y . f , f lt . . . .f m are supposed to be holomorphic func- 
tions of x, y, . . . . y n _i for a common region of convergence, and x , y , . . . . yl_i 
to lie within this region. 

For if/ ro does not vanish for x = x , y = y , etc., the corresponding initial 
values yl of y n may, unless / vanishes, be immediately obtained from /= 0, 
which is algebraic in y n ; and the substitutions 

x = x + x 1 , 
d"y a/ 2 x' n ~ K 

dtf^yl + yUid + f«+z-2\ + & (n — x)l +y '" (* =0 - 1 > — n ) 

transform /= into an equation in a/, y 1 , y{, . . . . y' n which has no term inde- 
pendent of one or other of these variables, and for which also y' n , as well as the 
lower differential coefficients of y 1 , vanishes with a/. 

If, on the other hand, f vanishes, apply the polygon construction already 
described to/=0, regarded as an equation in x +x!, y^+y", y\+y[, . . . yl-i+yL-i, 

and — (it has no term which does not involve one of these variables), and the 
yn 

various values of [i having been obtained, transform as above, by the substitution 

x = x' m , into an equation whose n tli differential coefficient vanishes with a/. 

To get the developments corresponding to a polygon side for which fi^>n, 

that is in the case where all the differential coefficients y lt y % , . . . . y n as well as 

y vanish with x, make in the equation the substitutions 



Vn-l — ynOlX, 

yn-% = y n '»io % x % , 



(1) 



y = 2/^i*>3 • • • • v n x 

where v lt v % , . . . . v n are functions of x which take finite values v\, v\ v° 

different from zero when x = . 

In the resulting equation, freed from any factor ylafvl .... v" n _ 1 which may 
be common to all the terms, determine by the ordinary Puiseux method or any 
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other method applicable to algebraic functions of a single variable, the various 
groups of terms of lowest order in y n and x : if indeed this determination has 
not already been made directly from the equation. 

Suppose that for any particular group of terms of lowest order the degree 

T 

of y n in respect to x is — : to obtain the corresponding developments make then 

the further substitutions 

x = x*,y n =Vx' r , (2) 

where again V takes an initial value V different from and oo when x 1 vanishes. 
Since y n = V<pc T approximately, y n _ 1 = V x • +....; but 

y n -\ = y^x — Yfp\x-^ + ; 

therefore, by a comparison of the two values ofy n _ 1 , v\ = . In like manner 

«2=-^r vl= S 



r _|_ 2s , « r + ws' 

In the T equation therefore, make the substitutions 

^=7T~s + vi ' v » = 7^2s + v *'---- v « = 7^ + v » & 

when V will be given as a function 'of x', v{, . . . . v' n , developable in integral 
powers of these variables. 

The various developments for V having been obtained, the equations for the 
corresponding sets of values of v{, v' % , . . . v' n are readily constructed by aid of 
the equations (1), (2), (3). For evidently on introducing the substitutions (2) 
in equations (1) we have : 



dx 

d_ 
dx 



Vv i x"' + s =^-(Vv 1 v,x' r + is ), 



Vv x v 2 . . . t> m _ iaJ fr +.<— »• = -£- (Vvm . . . v n x' r +>"), 
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or actually effecting the differentiations indicated, the equations 



x 1 



x' 



X 



dv{ 
dx 1 



dv[ 
dx 1 

dvg 
dx' 



dvL 



[^U+ 7 ]+^^ 



dr 



dv' 



+ x' 



dv' n 
dx' 



Vl 



dV 



dV 

dv' n 



— _ Vv{ (r + s) — vrf dx , 
_ s fa — v % — v^) 

- % ' 

_ 8 fa — V S - 



x , dv' n 
dx' 



sfa_ x — v n — v n _ t v n ) 



u n-\ 



(4) 



On substituting for x' ~j4- , . . . , x 1 ~tj- in the first of these equations the 
functions of the v { 's to which the remaining equations declare them equal, and 
making the substitutions (3) in all the equations, the set is reduced to the form 



dv' 



Ot 



X 



dv' n 
dx 1 



: /»K-i, <)i 



(5) 



where /u/g, . . . ,f n vanish with «', «i, . . . . v' n , and are holomorphic functions 
of these variables for finite regions of convergence about x' — 0, v{ = 0, etc. 

Developments for vl, v' % , in integral powers of x', which formally satisfy 

these equations, are to be obtained by differentiating them a first time, a second 
time, etc., successively, and after each differentiation making x' = and solving 
the resulting equations for the corresponding dhTerential coefficients of the v?a in 
respect to x'. 

Thus differentiating a single time, we have 

dvL 



( M \ _ ( M . 

\dx' J- \dx' "+" 



/ dvj \ _ 
\dx' 






Ml^L + Ml 
dv[ dx' dvl 



\ dv{ dx' ' dv' % dx 



+ 



dx' 
dvL 



+ 

); 



ML §?b. 

dv' ■ dx 









■).= 



( vfn ^m — 1 _, 



cfos' 



3/n <?*. 



cte' /o' 
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a set of linear equations in (-j~t) , \.~TT) > e ^ c -> which give finite determinate 

values for these quantities except when the determinant of their coefficients 
vanishes. 

A second differentiation gives the equations 

dfx d?v' n 



/#v[\ _ / df d?v[ df X dS 

V dx m )- Kj 1 ^ dv{ dx n + dvi dx*» 

2 (&?) = (*« 



- 4- 

2 I • 



dv' dx' 1 / o 






a/< ^'-i , 9/, ^1 



:P + 



); 



i= 2, 3, 



. n 



• j 7 ) , ("7j~r)j etc., and of second differential 

coefficients of the /'s ; and from these equations the values of ( -jt^) , ( ~;r~ ? ~) » 
etc., may be reckoned. 

Further differentiations give in like manner the higher differential coeffi- 
cients. It is only necessary, therefore, for the construction of series 

«=(^+u^y+w&)f+ '=•■■ - w 

which formally satisfy the equations, that the determinant of the coefficients in 
each of these sets of equations shall be different from 0, or that 



df 
dv[ 

df 
dv{ 







— x, 



df 

dvi 



df 
dvi 



dv L 

M 

dv' 



i-x, 



dvi 



— x, 



or 





V (r + s + x)(r + 2s + x) 

, dV xs , , „ , . 

3 F„ xs (r + f) , , „ . v 

+ a~o~ — i o (r + 3s + x) 

ov\ r + 2s v ' y 

+ 



M 

' dv' n 

, 

, o 

df n df n 

dv n _ x ' dv n 

. {r + ns + x) " 
, (r + ns + x) 

. {r -\- ns -\- x) 



x = 



+ 



dV xs (r + s)(r + 2s) . . . . r + (w — 1) s 



3#£ r + ns 

shall vanish for no positive integral value of x . 



(7) 
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It may be added that when the determinant vanishes, the equations have no 
"monodrome" integrals unless f-^-M = 0; but if f-jA-) — 0, an infinite number 



of such integrals. Also, that when the determinant does not vanish, there will 
be in certain cases, besides the "monodrome" integrals, an infinite number of 
" non-monodrome " integrals. The consideration of these integrals, however, is 
aside from the purpose of the present paper.* 

It only remains to prove that the series (6) have circles of convergence 
whose radii are greater than zero. 

To give the demonstration as general a character as possible, consider the 
system of equations : 

x ~far—fd x < v i> v»i v n), 



dv % . 

x ~dx' = J ' !i ^ x ' Vl ' v *' * * ' * v *'' 



~dx *•**' u v *' v *>' 



(8) 



where /d/j, ..../„ are any set of functions of x, v lf v t v n , developable in 

series of integral powers of these variables which vanish for x = v x = w 2 = v n = , 

but converge so long as mod x <C o and mod v t -< r i} the quantities o and r { being 
all greater than zero. 

Differentiating each equation x times successively with respect to x , and after 
each differentiation placing x = and reckoning out the values of the differential 
coefficients of corresponding order of the v/s, we have finally for the determination 
of the coefficients of the x th order the equations 

/d K Vi\_ / , 3/j #v x d/ t d*v % df t d*v n \ 

x K dx* )- \y« + dv x dx* + 3v z dx* + • • • + dv n dx* )l % ~ h 2 > • • • n > W 

where the qPJs are functions of the partial differential coefficients of orders 
1 , 2, .... x of f with respect to x, v x , . . . .v n , and of the differential coefficients 
of the V{S of orders 1 , 2 , . ...x — 1, these last having been already reckoned out. 

* For a discussion of similar integrals of the equation of the 1st order see the Memoir of Briot and 
Bouquet already referred to. See also Poincare, Oourbes deflnies par une equation differentielle, 
Journal de Math, pure et appliquees, III, 7 ; IV, 1, 2. 
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As above, it will be assumed that the determinant 

a/ . a/i a/i 3/i 



A(«) = 



&*-*• 


dv 2 


'3^3 


" ' dv n 


a/ 2 


3/. 


' 3^ 


a/. 


a«! 


3^ * 


3w« 


a/a 


a/a 
a^ 




' * 3«„ 


dfn 


a/„ 


d/n 


a/„ 



3#i 



3% 



dv s 



dv n 



(10) 



*=o 



vanishes for no positive integral value of x. 
Solving the equations (9) we have 



UxVo - ^ 1 A(«) + ^ k2 A(«) + 



• 4>° 



AW 



#: <=1. 



2, re (11) 



where A^ {%) is the minor of the element in the j th row and iP 1 column of A (x) . 

A- (x) 
Arranged with reference to the powers of x, the coefficients /* ) / have the 

+ j^ 2?C"~ 3 +- • ; • 4<f«. n-i 



form 



tyi*' 



«-i 



x w + Si*" -1 + % 3 ^ _a + • 



%» 



where cc^ = when j^i) = 1 when /= i. 

As the coefficients in this fraction are independent of x and known, and as 
furthermore its denominator vanishes for no value that x can take, and is of 
higher degree in x than its numerator, it must reach a greatest value, and that 
•<oo , for some finite value of x. Let this greatest value be C jt ; and let be 
the modulus of the greatest of the quantities Cji(j, i= 1, 2, . . . . n). Then 



(^)<C(<pl 1 + tf,* + . . . . + tf, n ). 



(12) 



Let now r be < the least of the radii r x , r % , r n , and let M be the modulus 

of the greatest value which any of the functions/, / 2 , • • • •/„ takes in the circle 
of radius p about x = and the circles of radius r about v x = , v 2 = , etc. 

Let also a be the modulus of the greatest of the differential coefficients of the 

first order (— p- J , and set a' ■ 



a 
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Consider, then, the equation, algebraic in u and x, 
u = a'x -{- nC<&, 
where <£ = M { — n — — 1 A \. (is) 

( " 0-v)0-f)j 

It may readily be shown that ( *£■) > (*^-) for * > 1 . For (-|jh = , 

that ( j K ) involves the differential coefficients {-j~J , (-t-t J etc. of orders 



so 

less than x only and the equation 

d K u \ „ / d"<£> 

d"u 



\ dec" y \ cfef / 

-r-r ) explicitly in terms of the partial differential coefficients of <£ in 

respect to u and cc and of the differential coefficients of lower orders of u in 
respect to x. 

Now f ' , - J is greater than any of the functions <p° Ki in equation (12). For 

*• + f- t£ + H # + •■•• + i£ 4£ is the Mult of °P eratin « •» 

, ,. .^ d ' d dv t . ,3 efo n . ., d K $? . , 

fi* times with -^ + ^ AT + •••■ + "5S: -S". whlle *T 1S the resulfc 

.., 3 3 cZw 
of operating on <E> jc times with -* 1- n -* t— . 

fln + n' + n"+ ... .f 

To every differential coefficient - a n ^ n >o »» — — in <?>«; therefore corresponds 

3» +»'+»"+■•■• $ ^<j) 
the differential coefficient ^ m o «'+»»-| in , « , involved with the same nume- 

d^v- d?u d K <fe 

rical coefficient ; and to every -jtj- in <pn (i <C ») > corresponds -7-7- in , K . 

But, as is known,* 

/ 0» + «' + )l" + / N IT 

mnf ] f J? _£L 1 <^ «i I n ' I w" I — 

m ° d Ux»3<3< . . . Jo^ p*rl'< . . . • ' 

* Vid. Briot and Bouquet, Fonc. ellip. p. 326. 
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while ^ a«+»'+n"+ ....^_ //( 11 

\dx n du n '+ n "+----J ~ n ' n ' n pX'rf ....'■ 

so that mod { d n +«'+«"+--ft \ . / 3 " + »' + ""+--<I> n 

so that mod ^ a ^ a<8< . ; . J < (, ■3 a *w+«+....) - 

((fly \ / j^^j \ 
T-r ) < ( -n-r ) for / <C « ! it is clear that the individual terms 
day /o veto' /o 

■j-j- ) are greater than the corresponding terms of ty\ t , and since they are all 
positive, that f-r-v) > 4>2« » and hence that (t— j , which is equal to nO -j-^ , is 
greater than C($i + $&+•■• #») ; in other words (vid. 12), that (||)>(|^). 

But by hypothesis f~ J > (-r 1 -) ■ It follows at once that (-jt)>(tt)' 

therefore that (|» ) > (|*) ; . . . . , etc. 

But u is defined as a holomorphic function of x for the neighborhood of 
x = by the algebraic equation (13), or 

4 (% .) S „( 1 _i)-(i-f-X 1 + £-) 

- (i - ")V<* - »)(i -y) - J = ; (6 = nCJO , 

namely within a circle about cc = whose radius is the distance to the nearest 
branch point or singular point of ^ = . This distance is greater than zero, being 
the modulus of the least root of the discriminant of $ = m respect to u, that 
is, of the equation 

\ p A + r + bn J ~ r n n+1 

' bn 
Within this circle, therefore, the series 

__ / du\ , / d?M \ a; 2 . /^* nx 3 , 
W - v^A* + W A"2T + \cWJo3T ^"" 

is convergent ; and since its coefficients are greater than the corresponding coeffi- 
cients of any of the series 

— (^l\ 4- ( d * v J ^ x * j_ f^ v *\ x * i 
"'"U A*" 1 " W A~27 + UxVo"3T + • • • • 5 

these series also converge for the same region, as was to be demonstrated. 
Princeton College, March 27th, 1889. 



